Probability and

Mathematical Statistics
TheO{y, Applications, and Practice in R

>~ Mary C. Meyer
Colorado State University
Fort Collins, Colorado

Y1

Sidam.

Society for Industrial and Applied Mathematics
Philadelphia



Contents

Preface

1 Probability Basics: Sample Spaces and Probability Functions

2 Using R to Simulate Events

3 The Basic Principle of Counting, Permutations, and Combinations

4 Conditional Probability, Independence, and Tree Diagrams

5 Discrete Random Variables and Expected Value

6 Hypothesis Testing Terminology and Examples

7 Simulating Distributions for Hypothesis Testing

8 Bernoulli and Binomial Random Variables

9 The Geometric Random Variable

10  The Poisson Random Variable

11  The Hypergeometric Random Variable

12 The Negative Binomial Random Variable

13  Continuous Random Variables and Density Functions

14  Moments and the Moment Generating Function

15  The Cumulative Distribution Function and Quantiles of
Random Variables

16  The Exponential, Gamma, and Inverse Gamma Random Variables

17  The Beta Random Variable

18  The Normal Random Variable

19  CDF Tricks: Probability Plots and Random Number Generation

vii

xi

11
19
27
43
53
63
71
83
89
97
107
111

127

133
139
149
155

165



viii

Contents

20

21

22

23

25
26
27
28
29
30
3
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46

Chebyshev’s Inequality

Transformation of Continuous Random Variables, Using the
CDF Method

Log-Normal, Weibull, and Pareto Random Variables

Jointly Distributed Discrete Random Variables

Jointly Continuously Distributed Random Variables

Marginal Distributions for Jointly Continuous Random Variables
Conditional Distributions and Independent Random Variables
Covariance of Two Random Variables

The Multinomial Distribution

Conditional Expectation and Variance

Transformations of Jointly Distributed Random Variables
Transformations Using Moment Generating Functions

The Multivariate Normal Distribution

Order Statistics

Some Distributions Related to Sampling from a Normal Population
Hypothesis Tests for a Normal Population Parameter, Part I
Hypothesis Tests for a Normal Population Parameter, Part IT
Two-Independent-Samples Tests: Normal Populations
Paired-Samples Test: Normal Populations

Distribution-Free Test for Percentiles

Distribution-Free Two-Sample Tests

The Central Limit Theorem

Parameter Estimation

Maximum Likelihood Estimation

Estimation Using the Method of Moments

Bayes Estimation

Consistency of Point Estimators

175

179
189
197
211
227
233
239
247
253
261
269
273
281
289
301
311
323
335
341
347
355
361
371
381
387

399



Contents ix
47  Modes of Convergence of Random Variables and the Delta Method 405
48  Quantifying Uncertainty: Standard Error and Confidence Intervals 417
49 Bayes Credible Intervals 429
50 Evaluating Confidence Intervals: Length and Coverage Probability 435
51 Bootstrap Confidence Intervals 441
52  Information and Maximum Likelihood Estimation 447
53  Sufficient Statistics 457
54  Uniformly Minimum Variance Unbiased Estimators 465
55 Exponential Families 475
56 Evaluating Hypothesis Tests: Test Size and Power 481
57 The Neyman—-Pearson Lemma 489
58 Likelihood Ratio Tests 495
59  Chi-Squared Tests for Categorical Data 505
60  One-Way Analysis of Variance 515
A Answers to Exercises 525

Useful Mathematics 687
B.1 Countable and Uncountable Infinity . . . . . ... ........ 687
B.2 SumsandSeries . . . ... ... ... ... ... .. . ... 690
B.3 The Taylor Expansion . . . ... ................. 692
B.4 DHopital’srule . . . ... ... ... ... ... ........ 694
B.S The GammaFunction . . .. ... ................ 696
B.6  The Laplace Method and Stirling Approximation . . . . . .. . . 698
B.7 Multiple Integration . . . ... ... ... ............ 699
B.8 Matrix Notation and Arithmetic . . . . ... ... ... ... .. 700
B.9 Jacobian Matrix and Transformation of Variables . . . . . .. .. 702
Index 705



