
Translations of

MATHEMATICAL
MONOGRAPHS

Volume 226

Hilbert C*-Modules

V. M. Manuilov
E. V. Troitsky

Translated by the authors

American Mathematical Society
Providence, Rhode Island



Contents

Preface vii

Chapter 1. Basic Definitions 1
1.1. C*-algebras ' ' ' 1
1.2. Pre-Hilbert modules 3
1.3. Hilbert C*-modules 4
1.4. The standard Hilbert module HA 8
1.5. Hilbert C*-bimodules and strong Morita equivalence 11

Chapter 2. Operators on Hilbert Modules 15
2.1. Bounded and adjointable operators 15
2.2. Compact operators in Hilbert modules 18
2.3. Complementable submodules and projections in Hilbert C*-modules 22
2.4. Full Hilbert C*-modules 24
2.5. Dual modules. Self-duality 27
2.6. Banach-compact operators .. . 32
2.7. C*-Fredholm operators and index. Mishchenko's approach 33
2.8. Representations of groups on Hilbert modules 42
2.9. Equivariant Fredholm operators 52

Chapter 3. Hilbert Modules over W*-Algebras 55
3.1. W*-algebras 55
3.2. Inner product on dual modules 58
3.3. Hilbert W*-modv\es and dual Banach spaces 61
3.4. Properties of Hilbert W*-modules 62
3.5. Topological characterization of self-dual Hilbert W*-modules 65
3.6. Fredholm operators over W*-algebras 66
3.7. Dupre - Fillmore theorem for Hilbert modules over finite W*-algebras 69

Chapter 4. Reflexive Hilbert C*-Modules 75
4.1. Inner product on bidual modules 75
4.2. Ideals and bidual modules 79
4.3. Reflexivity of Hilbert modules over /C+ 82
4.4. Reflexivity of modules over C(X) 84
4.5. Hilbert modules related to conditional expectations of finite index 86

Chapter 5. Multipliers of ^4-Compact Operators. Structure Results 99
5.1. Extension of a Hilbert C*-module by the enveloping VF*-algebra 99
5.2. Multipliers and centralizers 101
5.3. Multipliers of A-compact operators 107
5.4. Quasi-multipliers of A-compact operators 110



vi CONTENTS

5.5. Strict topology 114
5.6. Multipliers and Hilbert modules. The commutative case 118
5.7. Inner products on Hilbert C*-modules 126

Chapter 6. Diagonalization of Operators over C*-Algebras 133
6.1. Problem of diagonalizing operators in Hilbert C""-modules 133
6.2. Quadratic forms on H'A related to selfadjoint operators 136
6.3. Diagonalizing operators in the V7*-case 138
6.4. Continuity of "eigenvalues" 143
6.5. Case of infinite W*-algebras 145
6.6. Case of C*-algebras of real rank zero 146
6.7. Case of continuous fields of trace C*-algebras 148
6.8. Schrodinger operator as an operator acting on a Hilbert C*-module 154
6.9. Example: A continuous field of rotation algebras 157

Chapter 7. Homotopy Triviality of Groups of Invertible Operators 159
7.1. Technical lemmas 159
7.2. Proof of the Cuntz-Higson theorem 164
7.3. The case AC K 166
7.4. Some other cases 169
7.5. Dixmier-Douady Theorem for 12{A) 173
7.6. Some generalizations 175
7.7. Neubauer type homotopy 176

Chapter 8. Hilbert Modules and KK-Theory 181
8.1. Tensor products 181
8.2. Main definitions 182
8.3. Cuntz's approach 184
8.4. Generalized Kasparov bimodules 188
8.5. Classifying spaces for some K- and KK-gvonps 189

Bibliography 193

Notation Index 199

Index 201


